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Abstract---According to the observations in this paper, an existing mathematical model of banking capital dynamics 

should be tweaked. First-order ordinary differential equations with a "predator-pray" structure make up the model, 

and the indicators are competitive. Numerical realisations of the model are required to account for three distinct sets 

of initial parameter values. It is demonstrated that a wide range of banking capital dynamics can be produced by 

altering the starting parameters. One of the three options is selected, and the other two are eliminated. The model is 

generalized taking into account fractional derivatives of the bank indicators for time, reflecting the rate of their 
change. Based on numerical calculations, it is established that reduction of the order of derivatives from units leads 

to a delay of banking capital dynamics. It is shown, that the less the order of derivatives from the unit, the more 

delay of dynamics of indicators. In all analyzed variants indicators at large times reach their equilibrium values. 

Keywords---Credit Resources, Deposits, Dynamics of the Banking Capital, Fractional Derivatives, Loan, 

Mathematical Model, Own Capital of the Bank. 

I. Introduction 

Business entities, enterprises, and entrepreneurs need capital to establish new high-tech manufacturing facilities, 

especially early in the project life cycle. Some businesses deposit any excess cash with the bank during the same 

period. Bank capital is "dynamic," meaning it can change over time as a result of this constant change. The 

modeling of fund demand and supply, risks and interbank competition, borrower-client late payments, changes in 

market conditions, and unfavorable economic processes at the local and global levels is difficult to accomplish. 

Loan officers consider the borrower's ability to repay the loan in full and on time when determining whether or not 

to extend a loan to him or her. Many changes occur during a project's implementation that cannot be considered 

when determining the feasibility of debtors. The mathematical model of commercial banks' credit and deposit 
operations should be dynamic, allowing for a time-series analysis of key financial and economic indicators. It has 

been said (Capinski and Zastawniak 2003; Bensoussan& Zhang 2009; Greene 2012).Everyone knows that bank 

lending carries risk. The credit rating of a debtor is an essential factor in determining credit risk. The volatility of 

credit ratings can impact a bank's ability to conduct normal business. Most mathematical models, credit risk 

management methods, and other applications assume that debtors' credit ratings transitional probabilities are 

constant and similar. It is also well-known that debtors' credit ratings change over time due to various factors. The 

variability of income over time is a popular indicator for assessing long-term financial risk (Lando 2004; Bielecki, 

Rutkowski 2007; Kwok 2008). When all else is equal, portfolio diversification can help reduce market volatility. So 

the total variance is the sum of each component of the portfolio. Diversification reduces overall income volatility 

while lowering risk. Banks should be cautious when engaging in risky activities. Banks today are much more than 

just deposit takers. It is necessary to recognise their full commercial status. The mathematical modelling of 

commercial bank financial transactions is becoming increasingly difficult due to increased risk. Banks want to make 
as much money as possible by giving customers loans (both individuals and legal entities). The client is concerned 

about reducing the amount of additional interest charged. As a result, the bank's and borrower's interests clash. 

Samarskii and Mikhailov's (2002; Brauer and Castillo-Chavez 2012; Hastings 2013) principles have been 

successfully applied in modeling biological and ecological systems, wage and employment changes, and other areas. 

Theoretically, such models can be built between any two competitors. These models can be simplified using Lotka-

Volterra equations. The following authors were particularly interested in models like these when it came to market 

competition dynamics (Tseng et al. 2014; Cooper, Nakanishi 1988; Lakka et al. 2013; Michalakelis et al. 2012; 
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Marasco et al. 2016). Also, competition models can assess bank health and economic growth (Jayakumar et al. 

2018). Competition models are used to study American bank deposit and loan dynamics (Sumarti et al. 2014; Ansori 

et al. 2019). These models have many uses, but they also have some flaws. (Marasco et al. 2016) expresses concern: 

For example, economic factors that affect market share dynamics are constant over time; b) the models are 

frequently not adequately connected to economic theory; and c) the effectiveness of proposed models is determined 

by estimations of model parameters that determine competition roles. Unfortunately, the data used to derive these 
estimates is scarce, and numerical methods such as genetic algorithms and other approaches are used. These models 

can predict a wide range of competitive economic processes. As stated by (Comes 2012), a bidirectional capital 

transfer from the Mother Bank to the Subsidiary Bank and vice versa is considered in a three-level Lotka-Volterra 

(TLVR) model. In the TLVR model, the banking sector's equilibrium is analysed using the Fokker-Planck-

Kolmogorov stochastic equation solution. Lotka-Volterra models for n-level banking can be created from scratch 

(Marasco et al. 2016). 

Many researchers are now interested in fractional differential equations because they can accurately describe 

various phenomena. These systems are studied using fractional-order differential equations. Fractional-order 

systems are preferred because they allow more model freedom. These evolution equations produce fractional 

Brownian motion. Non-Markovian despite the motions being Gaussian (Das et al. 2011). The authors solved the 
fractional-order Lotka–Volterra equations using a nonlinear analytical method called homotopy perturbation. To 

derive fractional Lotka–Volterra equations from classical ones, fractional derivatives are used instead of first-order 

time derivatives. The fractional predator-prey and rabies models are numerically solved in (Ahmed et al. 2007). The 

scientists claim the system is as stable as an integer-order system for fractional-order systems. The authors used 

powerful analytical methods like the homotopy perturbation method to approximate an analytical solution for the 

fractional-order Lotka–Volterra model. The Caputo-Fabrizio fractional derivative and fractional calculus are used to 

study a three-dimensional Lotka-Volterra differential equation (Khalighi et al., 2021). The nonlinear population 

model's fractional operator derivatives produce a variety of dynamical behaviors. [Traditional] Many generalized 

fractional Lotka–Volterra models are proposed (Elettreby et al. 2017; Owolabi 2021; Amirian et al. 2020). 

Fractional competitive models for commercial banks appeared in the 1990s. By Fatmawati et al., the Lotka-Volterra 

competition model's parameter values are estimated using the genetic algorithm method. Atangana-Baleanu and 
Caputo derivatives are used to study commercial and rural bank competition in 2019. To summarise, both model 

operators provide useful data at the fractional-order parameter's points of interest. Wang et al. (2019) also use a 

competition model to study bank data dynamics, with encouraging results. These papers look at fractional operators 

(Caputo and its variants) and integers in general (including the Atangana–Baleanu case). Among Baleanu's works, 

Atangana stands head and shoulders above the rest. Because the Caputo-Fabrizio operator is a fractional operator of 

the fractal-fractional operator, this issue affects both operators (Atangana et al., 2020). This study compares integer-

order relevant results for accurate data to fractal and fractional order parameter values. A study found that the 

Caputo-Fabrizio derivative fractal-fractional outperforms the integer-order definition. This short analysis shows that 

fractional calculus began to be applied widely in the analysis of bank activity. Mathematical models with fractional 

derivatives describe the bank data more adequately. A mathematical model for banking data through with fractal-

fractional operator in the sense of Caputo derivative is also presented by Li et al (2020). It was shown that with 

varying fractal and fractional orders of derivatives one can obtain the best fitting to the data. 

In this paper, we consider a mathematical model describing the dynamics of commercial bank capital where 

various bank indicators have a competitive character. The model by its structure is similar to the three-level Lotka-

Volterra (TLV) model. However, here process and its indicators are absolutely others. First, we give general 

information on mathematical models. Then a modified mathematical model for bank capital dynamics is developed 

and numerically analyzed. Further, the model is generalized using fractional derivatives. Based on the numerical 

analysis the influence of the order of fractional derivative on the dynamics of the banking capital is established. In 

conclusion, we summarize the results. 

II. Mathematical Models 

In the classical form, the Lotka-Volterra “pray-predator” model can be written in the following form [7, 9] 

𝑑𝑥1

𝑑𝑡
= (𝑎 − 𝑏𝑥2)𝑥1, 

𝑑𝑥2

𝑑𝑡
= (−𝑐 + 𝑑 ⋅ 𝑥1)𝑥2, −   1 
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where𝑥1(𝑡), 𝑥2(𝑡) − prays and predators numbers, respectively,  𝑎, 𝑏, 𝑐, 𝑑 constant coefficients. A mathematical 

model to describe the behaviour of deposit and loan volumes between two commercial banks can be written as 

(Ansori et al. 2019). 

𝑑𝑥1

𝑑𝑡
= 𝑎𝑥1 (1 −

𝑥1

𝐾𝐷
) − 𝑏𝑥1,

𝑑𝑥2

𝑑𝑡
= 𝑐𝑥2 (1 −

𝑥2

𝐾𝐿
𝑥1
𝐾𝐷

) − 𝑑𝑥2,          (2) 

where𝑥1(𝑡), 𝑥2(𝑡) are amounts of deposit and loan, respectively,  𝑎, 𝑏, 𝑐, 𝑑, 𝐾𝐿 , 𝐾𝐷 −constant parameters. 

It is common to refer to banking micro-variables as a complex dynamic system in the banking industry because 

of their high variability. Deposits and loans (based on the transport equation) are two types of financial instruments: 

reserves and equity. Reserves and equity are two financial instruments (based on Selyutin and Rudenko, 2013). 

Stochastic differential equations (in the form of a probability distribution) [30] develop two systems of differential 

equations related to one another for the elements of a bank's balance sheet, which are then applied to the elements of 

the bank's balance sheet. In both systems, two variables are used: the deposit and the loan. Ansori et al. (2019) use a 

logistic model to compare the deposit and loan volumes of two different banks in their study. Savings and debt 

transfer are two aspects of four different models that are discussed further below. Depositors in bank 1 transfer their 

funds to bank 2, whereas borrowers transfer debts owed to bank 2 to bank 1. This is the model that is produced as a 

result. 

𝑑𝐷1

𝑑𝑡
= 𝑔𝐷1𝐷1 (1 −

𝐷1

𝐾𝐷1

) − 𝑤1𝐷1 − 𝑎2𝐷1𝐷2,
𝑑𝐿1

𝑑𝑡
= 𝑔𝐿1𝐿1 (1 −

𝐿1

𝐾𝐿1
𝐷1

𝐾𝐷1

) − 𝑏1𝐿1 − 𝑐2𝐿2𝐿1, 

𝑑𝐷2

𝑑𝑡
= 𝑔𝐷2𝐷2 (1 −

𝐷2

𝐾𝐷2

) − 𝑤2𝐷21
+ 𝑎1𝐷1𝐷2,

𝑑𝐿2

𝑑𝑡
= 𝑔𝐿2𝐿2 (1 −

𝐿2

𝐾𝐿2
𝐷2

𝐾𝐷2

) − 𝑏2𝐿2 + 𝑐2𝐿2𝐿1, 

where 𝐷𝑖 and 𝐿𝑖 denote the volume of deposit and loan for the bank 𝑖 , 𝑔𝐷𝑖, 𝐾𝐷𝑖, 𝑤𝑖, 𝑎𝑖, 𝑔𝐿𝑖, 𝐾𝐿𝑖, 𝑏𝑖, 𝑐𝑖 are 

constant positive parameters, 𝑖 = 1; 2. 

Dynamics of maximum profit by commercial banks (𝑥1(𝑡)) and rural banks (𝑥2(𝑡)) in Indonesia in [27] is 

written in the form  

𝑑𝑥1

𝑑𝑡
= 𝑎1𝑥1 (1 −

𝑥1

𝑐1
) − 𝑏1𝑥1𝑥2,

𝑑𝑥2

𝑑𝑡
= 𝑎2𝑥2 (1 −

𝑥2

𝑐2
) − 𝑏2𝑥1𝑥2,   (3) 

where𝑎1, 𝑎2, 𝑏1, 𝑏2, 𝑐1, 𝑐2 are constants. 

Model (3) depicts the competition between commercial and rural banks in an environment where fractal-

fractional operations are not used. By Atangana et al. (2020) the model (3) is generalized, where instead of  
𝑑𝑥1

𝑑𝑡
 and 

𝑑𝑥2

𝑑𝑡
 the fractal-fractional Caputo-Fabrisio operators 𝐷𝐶𝐹

𝑜,𝑡
𝑢,𝑣(𝑥1(𝑡)) and 𝐷𝐶𝐹

𝑜,𝑡
𝑢,𝑣(𝑥2(𝑡)) are used. 

The equilibrium state of the models (1), (2), (3) can be obtained by setting  

𝑑𝑥1

𝑑𝑡
= 0,

𝑑𝑥2

𝑑𝑡
= 0, 𝐷𝐶𝐹

𝑜,𝑡
𝑢,𝑣(𝑥1(𝑡)) = 0, 𝐷𝐶𝐹

𝑜,𝑡
𝑢,𝑣(𝑥2.

(𝑡)) = 0. 

The TLV model that represents a tri-trophic capital chain between Mother bank, Subsidiary bank and individuals 

has the form [18] 

𝑑𝑥1

𝑑𝑡
= 𝑥1(𝑡)(𝑎1 − 𝑏1𝑥2(𝑡) + 𝑐1𝑥3(𝑡)),                           (4) 

𝑑𝑥2

𝑑𝑡
= 𝑥2(𝑡)(−𝑎2 + 𝑏2𝑥1(𝑡)),(5) 

𝑑𝑥3

𝑑𝑡
= 𝑥3(𝑡)(𝑎3 − 𝑏3𝑥1(𝑡)),(6) 

where𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡) is the number of Mother bank, Subsidiary bank and Individuals, respectively, 

𝑎𝑖 , 𝑏𝑖 , 𝑐1, 𝑖 = 1,2,3 are positive constants. 

Some other approach to modelling of dynamics of the banking capital is given in [32]. The model is presented as 

𝜕𝐷

𝜕𝑡
= (𝑟𝐷 − 𝑎11)𝐷 + 𝑎12𝐶 + 𝑎13𝑟𝐷 𝑌(𝑡),                        (7) 

𝑑𝐾

𝑑𝑡
= −𝑎21𝐾 + 𝑎22𝐶 +

𝑎23

𝑟𝐾(𝑡)
𝑌′(𝑡)(8) 

𝑑𝐶

𝑑𝑡
= 𝑎31(𝑟𝐾 𝐾 − 𝑟𝐷𝐷) − 𝑎32𝐶,(9) 
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where 𝐷(𝑡) - the volume of deposits of clients at the moment 𝑡, 𝐾(𝑡) - size of a credit portfolio of the bank at the 

moment 𝑡, 𝐶(𝑡) - own capital of the bank which has been saved up by some moment 𝑡, 𝑌(𝑡) - the aggregate income 

of clients of the bank at the moment 𝑡 in annual expression, 𝑟𝐷 , 𝑟𝐾  - interest rates under deposits and bank credits, 

respectively, 𝑎11, 𝑎12, 𝑎13, 𝑎21, 𝑎22, 𝑎31, 𝑎32 - positive constants. 

In the models (4) - (6) and (7) - (9) three spices are used in conjunction with one another. We can use these 

models to solve ordinary differential equations, but first, we must ensure that the solution is stable. Changing the 

model parameters can achieve an equilibrium state between three different spices in the presence of a set of model 

constants. This article also discusses the model parameters that affect the solution's stability. The stability of the 

bank's differential equation model solution systems is inversely proportional. At the equilibrium points of their 

respective models of equations, (4) to (6) and (7) to (9) respectively, are the steady solutions to the system of 

equations. 

When the models (7) - (9) are examined in detail, it is discovered that a stable solution to the system of equations 

can only be found within a very narrow range of the model parameters. A variant of this model, which incorporates 

some additional features, is presented here due to this research. This assumption was made when formulating 

equation (8), which states that the rate at which the credit portfolio dynamics changes is influenced by the credit 

policy of the financial institution. Possessing large amounts of own capital on a broad basis allows financial 

institutions to broaden the scope of their credit portfolios while also increasing the rate at which their credit 

portfolios grow (Vlasenko 2013). Addition of the member a22 C to the right-hand side of equation (8) was used to 

take into consideration the given circumstance. Another assumption is being used in this situation. We believe that 

the volume of involved capital from investors, i.e. deposits, as a component of the bank's financial resources has an 

impact on the increase in the dynamics of a credit portfolio's growth. Because of this assumption, we replace  𝑎22𝐶 

on 𝑎22𝐷 in (8). Thus, equation (8) takes the form   

𝑑𝐾

𝑑𝑡
= 𝑎22𝐷 − 𝑎21𝐾 +

𝑎23

𝑟𝐾(𝑡)
𝑌′(𝑡).                                         (10) 

The equations (7) and (9) do not change. Then the system of equations (7) - (9) with taking into account (10) we 

write in the following form 

𝜕𝐷

𝜕𝑡
= (𝑟𝐷 − 𝑎11)𝐷 + 𝑎12𝐶 + 𝑎13𝑟𝐷 𝑌(𝑡), (11) 

𝑑𝐾

𝑑𝑡
= 𝑎22𝐷 − 𝑎21𝐾 +

𝑎23

𝑟𝐾(𝑡)
𝑌′(𝑡),                                          (12) 

𝑑𝐶

𝑑𝑡
= 𝑎31(𝑟𝐾 𝐾 − 𝑟𝐷𝐷) − 𝑎32𝐶.          (13) 

(Atangana et al. 2020; Li et al. 2020) have recently begun to use fractional derivatives in analyzing bank activity 

models. They are considered more general and realistic than models with integer-order derivatives because they can 

describe memory and heredity processes. Based on these works, we propose the generalization of models (4)-(6) and 

(11), (12) and (13). 

a) Model (4) – (6) 

𝑑𝛼𝑥1

𝑑𝑡𝛼 = 𝑥1(𝑡)(𝑎1 − 𝑏1𝑥2(𝑡) + 𝑐1𝑥3(𝑡)),                                     (14) 

𝑑𝛽𝑥2

𝑑𝑡𝛽 = 𝑥2(𝑡)(−𝑎2 + 𝑏2𝑥1(𝑡)),                                                  (15) 

𝑑𝛾𝑥3

𝑑𝑡𝛾 = 𝑥3(𝑡)(𝑎3 − 𝑏3𝑥1(𝑡)),                                                       (16) 

b) Model (11) – (13) 

𝑑𝛼𝐷

𝑑𝑡𝛼 = (𝑟𝐷 − 𝑎11)𝐷 + 𝑎12𝐶 + 𝑎13𝑟𝐷𝑌,(17) 

𝑑𝛽𝐾

𝑑𝑡𝛽 = 𝑎22𝐷 − 𝑎21𝐾 +
𝑎23

𝑟𝐾(𝑡)
𝑌′(𝑡).                                                (18) 

𝑑𝛾𝐶

𝑑𝑡𝛾 = 𝑎31(𝑟𝐾 𝐾 − 𝑟𝐷 𝐷) − 𝑎32𝐶,        (19) 

where𝛼, 𝛽, 𝛾is the order of derivatives. 

The system of the ordinary differential equations (11) - (13) in the matrix form we write as 

𝑑𝑋

𝑑𝑡
= 𝐴𝑋 + 𝐵,                                                                           (20) 
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where𝑋 = (
𝐷
𝐾
𝐶

) , 𝐴 = (
𝑟𝐷 − 𝑎110𝑎12

𝑎22 − 𝑎210
−𝑟𝐷 𝑎31𝑎31𝑟𝐾 − 𝑎32

) , 𝐵 = (

𝑎13𝑟𝐷 𝑌(𝑡)
𝑎23

𝑟𝐾(𝑡)
𝑌′(𝑡)

0

). 

To solve (20) it is necessary to set the initial conditions 𝑋(0) = 𝑋0, where𝑋0 = (𝐷0𝐾0𝐶0)𝑇, 𝐷0, 𝐾0, 𝐶0are initial 

values of 𝐷, 𝐾 ⥂, 𝐶, i.e.𝐷(0) = 𝐷0, 𝐾(0) = 𝐾0𝐶(0) = 𝐶0, T  is a transposition sign. 

The equilibrium state of the system (20) is defined as a stationary solution 
𝑑𝑋

𝑑𝑡
= 0, that gives a system of linear 

algebraic equations 𝐴𝑋 = −𝐵with respect to  𝐷, 𝐾 ⥂, 𝐶. The solution of the last system of equations at 𝑌(𝑡) = 𝑌0 =
𝑐𝑜𝑛𝑠𝑡is 

𝐷0 = 𝑎13𝑎32𝑎21𝑟𝐷 𝑌0/𝑑, 𝐾0 = 𝑎13𝑎32𝑎22𝑟𝐷 𝑌0/𝑑, 𝐶0 = 𝑎13𝑎31𝑟𝐷(𝑎22𝑟𝐾 − 𝑎21𝑟𝐷)𝑌0/𝑑,          (21) 

where  𝑑 = 𝑎13𝑎12𝑎21𝑟𝐷 + 𝑎11𝑎32𝑎21 − 𝑎31𝑎12𝑎22𝑟𝐾 − 𝑎32𝑎21𝑟𝐷 . 

The system (12) solution must be stable for the equilibrium state to exist. The eigenvalues of matrix A will be 

investigated in more detail later on. At least one of the three eigenvalues should be complex-conjugated with 

negative real parts, and the other two should be positive real parts. It satisfies the Raus-Gurvits requirements (Walter 

1998). Fractional derivatives of the Riemann-Liouville, Grünwald-Letnikov, Caputo, Caputo-Fabrizio, Atangana-

Baleanu, and other functions can be used. 

III. Numerical Analysis of Models 

Here we give the numerical analysis of the system of ordinary differential equations describing the dynamics of 

the banking capital. At first, the system of equations with integer derivatives is analyzed. Then we give a short 

information on fractional-order derivatives. At last, we numerically analyze the system of ordinary differential 

equations of fractional order (17) - (19). In order to begin, we must first solve the system of equations (11) - (13). 

This system is solved by using a standard library of the programming language Matlab, which is available online. 
Figure 1 depicts some of the outcomes. Table 1 shows the calculated values of parameters at their initial and 

intermediate stages. 

3.1. Numerical Analysis of the System of the Equation of Integer Order 

Table 1: The Initial and Intermediate Calculated Values of Parameters for the Problem 

Parameters, units Variant 1, Fig.1а Variant 2, Fig.1b Variant 3, Fig.1c 

𝑟𝐷 , 1/𝑦𝑒𝑎𝑟 0,125 0,103 0,139 

𝑟𝐾 , 1/𝑦𝑒𝑎𝑟 0,234 0,225 0,236 

𝑎11, 1/𝑦𝑒𝑎𝑟 0,139 0,247 0,225 

𝑎12, 1/𝑦𝑒𝑎𝑟 0,00001 0,00001 0,01 

𝑎13, 1/𝑦𝑒𝑎𝑟 0,219 0,263 0,104 

𝑎21, 1/𝑦𝑒𝑎𝑟 0,212 0,209 0,104 

𝑎22, 1/𝑦𝑒𝑎𝑟 0,195 0,192 0,149 

𝑎23, 1/𝑦𝑒𝑎𝑟 0 0 0 

𝑎31, 1/𝑦𝑒𝑎𝑟 0,474 0,493 0,351 

𝑎32, 1/𝑦𝑒𝑎𝑟 0,101 0,102 0,108 

𝜆1, 1/𝑦𝑒𝑎𝑟 -0,014 -0,209 0,123+0,045i 

𝜆2, 1/𝑦𝑒𝑎𝑟 -0,212 -0,143 -0,123- 0,045i 

𝜆3, 1/𝑦𝑒𝑎𝑟 -0,101 -0,102 -0,052 

𝑌0,bln$ 150 150 150 

𝐷0,bln$ 350 20 50 

𝐾0,bln$ 200 10 40 

𝐶0,bln$ 150 30 30 

𝐷0,bln$ 297,146 28,487 27,271 

𝐾0,bln$ 273,315 26,195 39,173 

𝐶0,bln$ 124,777 14,326 17,845 

Figure 1 depicts the relationship between various financial indicators and the initial data. Some indicators are 

both decreasing and increasing in a monotonous fashion. The local minimum and maximum values break up the 

data's monotony. The values of the initial parameters impact the nature of the dependencies as well (see Figure 1). 
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Figure 1b illustrates this by showing that, while D(t) in Figures 1a and 1c is monotonically decreasing, it is 

increasing in Figure 1. In Figures 1a and 1c, non-monotonic K(t) dynamics are shown, whereas in Figure 1, 

monotonically increasing K(t) dynamics are shown. In Figure 1c, the eigenvalues of matrix A are represented by one 

real and two complex-conjugated eigenvalues. Figure 1c shows the real Eigenvalues of Matrix A, as received. 

Expect the oscillatory dynamics of financial indicators in this environment to continue. As shown in Table 1, the 

fluctuations of the indicators are not well expressed and are only apparent for indicator C due to the small values of 
the imaginary parts of eigenvalues (t). Matrix A has eigenvalues that can be described as either all negative real or as 

two complex-conjugated with negative real parts and one real negative (as shown in Figures 1a and b), depending on 

the initial parameter variations (Fig 1 c). K0/D0, the bank's credit portfolio ratio to client investors' deposits, is an 

essential financial indicator to watch when the bank is in equilibrium. The liquidity of a commercial bank's balance 

sheet can be gauged using this coefficient (Vlasenko 2013). The higher the value, the more difficult it is for the bank 

to serve its customers due to the lack of liquidity. This indicates the bank's inefficiency in financial and economic 

activity, reflected in its low profitability. As we investigate each parameter, we will calculate this factor (Tab. 1). 

For the variant 1,2 with  Fig. 1а,b we have   K^0/D^0=0,92, and for the variant 3 with Fig.1c: K^0/D^0=1,44. The 

above critical values cannot be compared to these. Financially, the bank prefers Variant 3 with Fig.1c. 

In the model, C(t) represents only the capitalized profit, which is the factor a31 considers. Growing crediting 
dynamics K(t) does not always mean growing crediting dynamics C(t). This analysis excludes time-revalued basic 

capital and additional investor investments but not credit-depositary commercial activity (e.g., a bank's loan 

portfolio). All of this clearly reflected Dynamics C. (t). Inflation-driven revaluation of basic capitals requires 

consideration of financial and economic indicators. 

3.2. Fractional Derivatives 

There are many definitions of fractional-order derivatives. Detailed information on this topic can be found in 

(Podlubny 1999; Samko et al. 1993; Yang 2019). Here we give some definitions of the most used fractional 

derivatives. The Grünwald-Letnikov derivative of the function 𝑓(𝑡)is defined as, 

𝐷𝛼𝑓(𝑡) = 𝑙𝑖𝑚
ℎ→∞

1

ℎ𝛼
∑ (−1)𝑟

0≤𝑟<𝑚 (𝛼
𝑟

) 𝑓(𝑡 + (𝛼 − 𝑟)ℎ),         (22) 

where𝛼 is the order of derivative, 𝑚 is the smallest natural number such that 

𝑝 ≤ 𝑚, ,Nr (𝛼
𝑟

) =
𝑝(𝑝−1)⋅⋅⋅(𝑝−𝑟+1)

𝑟(𝑟−1)⋅⋅⋅1
.          (23) 

The Riemann-Liouville fractional derivative of order 𝛼 is given by 

𝐷𝑎 𝑡
𝛼𝑓(𝑡) =

1

𝛤(𝑛 − 𝛼)

𝑑𝑛

𝑑𝑡𝑛
∫ (𝑡 − 𝜏)

𝑡

𝑎

𝑛−𝛼−1

𝑓(𝜏)𝑑𝜏, 𝑛 − 1 < 𝛼 < 𝑛 

where𝛤(⋅) is the gamma function. 

An alternative differentiation operator to the Grünwald-Letnikov and Riemann-Liouville operators was proposed 

by Caputo, 

𝐷𝛼 𝑓(𝑡) =
1

𝛤(𝑛−𝛼)
∫ (𝑡 − 𝜏)

𝑡

𝑎

𝑛−𝛼−1 𝑑𝑛𝑓(𝜏)

𝑑𝑡𝑛 𝑑𝜏, 𝑛 − 1 < 𝛼 < 𝑛, 𝑛 = [𝛼] + 1.        (24) 

Caputo's operator has some advantages over the Riemann-Liouville operator: For example, the Riemann-

Liouville fractional derivative's Laplace transform yields boundary conditions containing the lower and upper limits 
of the derivative. These situations are difficult to describe physically. The Caputo derivative's Laplace transform 

yields integer order boundary conditions. As an extra, the Caputo-Riemann-Liouville derivative of a constant is zero 

while it is not. We also use the Caputo derivative for its advantages. Because, we will be solving the equations using 

the finite-difference method, we will briefly discuss fractional derivative approximations. 

3.3. Numerical Analysis of the System of the Equation of Fractional Order 

To solve (17) – (19) we also use the finite difference method, where for the discretization of the fractional 

derivatives a numerical integration of the Caputo representation will be used. So, we have the following 

approximation in the case α≤1,n=1,a=0 (Liu et al. 2006; Sweilam et al. 2012; Xia et al. 2009). 

𝑑𝛼𝑓(𝑡𝑖)

𝑑𝑡𝛼
=

1

𝛤(1 − 𝛼)
∫ (𝑡𝑖 − 𝑠)

𝑡𝑖

𝑎

𝑛−𝛼−1
𝑑𝑓(𝑠)

𝑑𝑡
𝑑𝑠 =

1

𝛤(1 − 𝛼)
∑ ∫

𝑗ℎ

(𝑗−1)ℎ

𝑖

𝑗=1

[
𝑓𝑗 − 𝑓𝑗−1

ℎ
+ 𝑜(ℎ)] (𝑖ℎ − 𝑠)−𝛼𝑑𝑠 = 
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=
1

𝛤(2 − 𝛼)ℎ𝛼
∑ ∫

𝑗ℎ

(𝑗−1)ℎ

𝑖

𝑗=1

(𝑓𝑗 − 𝑓𝑗−1)[(𝑖 − 𝑗 + 1)1−𝛼 − (𝑖 − 𝑗1−𝛼)] + 

+
1

𝛤(2−𝛼)
∑ ∫

𝑗ℎ

(𝑗−1)ℎ
𝑖
𝑗=1 [(𝑖 − 𝑗 + 1)1−𝛼 − (𝑖 − 𝑗1−𝛼)]𝑜(ℎ2−𝛼) =                                      (22) 

= 𝜎𝛼,ℎ ∑ 𝜔𝑗
𝛼(𝑓𝑖−𝑗+1 − 𝑓𝑖−𝑗)

𝑖

𝑗=1

+ 𝑜(ℎ), 

whereℎ is the mesh step, 
 

,
2

1
, 




h
h 𝜔𝑗

𝛼 = 𝑗1−𝛼 − (𝑗 − 1)1−𝛼 . 

The equations (17) - (19) with use (22) were approximate in the following form 

𝜏1−𝛼

Г(2 − 𝛼)
[∑

𝐷𝑘+1 − 𝐷𝑘

𝜏
((𝑖 − 𝑘 + 1)1−𝛼 − (𝑖 − 𝑘)1−𝛼)

𝑖−1

𝑘=0

+
𝐷𝑖+1 − 𝐷𝑖

𝜏
] = 

= (𝑟𝐷 − 𝑎11)𝐷𝑖 + 𝑎12𝐶𝑖 + 𝑎13𝑟𝐷𝑌𝑖 ,  (23) 

𝜏1−𝛽

Г(2 − 𝛽)
[∑

𝐾𝑘+1 − 𝐾𝑘

𝜏
((𝑖 − 𝑘 + 1)1−𝛽 − (𝑖 − 𝑘)1−𝛽)

𝑖−1

𝑘=0

+
𝐾𝑖+1 − 𝐾𝑖

𝜏
] = 

= 𝑎22𝐷𝑖 − 𝑎21𝐾𝑖 +
𝑎23

𝑟𝐾
𝑌𝑖

′,   (24) 

𝜏1−𝛾

Г(2 − 𝛾)
[∑

𝐶𝑘+1 − 𝐶𝑘

𝜏
((𝑖 − 𝑘 + 1)1−𝛾 − (𝑖 − 𝑘)1−𝛾)

𝑖−1

𝑘=0

+
𝐶𝑖+1 − 𝐶𝑖

𝜏
] = 

= 𝑎31(𝑟𝐾 𝐾𝑖 − 𝑟𝐷𝐷𝑖) − 𝑎32𝐶𝑖 ,   (25) 

where iD
𝐾𝑖,𝐶𝑖are grid functions in a time point 𝑡𝑖, corresponding to 𝐷(𝑡),𝐾(𝑡), 𝐶(𝑡), respectively, 𝜏 is the time 

step. 

From the explicit finite difference schemes (23) - (25) we define 𝐷𝑖+1,𝐾𝑖+1,𝐶𝑖+1 

𝐷𝑖+1 = ((𝑟𝐷 − 𝑎11)Г(2 − 𝛼)𝜏𝛼 + 1)𝐷𝑖 + (𝑎12𝐶𝑖 + 𝑎13𝑟𝐷𝑌)Г(2 − 𝛼)𝜏𝛼 − 

− [∑
𝐷𝑘+1−𝐷𝑘

𝜏
((𝑖 − 𝑘 + 1)1−𝛼 − (𝑖 − 𝑘)1−𝛼)𝑖−1

𝑘=0 +
𝐷𝑖+1−𝐷𝑖

𝜏
],        (26) 

𝐾𝑖+1 = (1 − 𝑎21Г(2 − 𝛽)𝜏𝛽)𝐾𝑖 + (𝑎22𝐷𝑖 + 𝑎23𝑌𝑖
′/𝑟𝐾)Г(2 − 𝛽)𝜏𝛽 − 

− [∑
𝐾𝑘+1−𝐾𝑘

𝜏
((𝑖 − 𝑘 + 1)1−𝛽 − (𝑖 − 𝑘)1−𝛼)𝑖−1

𝑘=0 +
𝐾𝑖+1−𝐾𝑖

𝜏
],    (27) 

𝐶𝑖+1 = (1 − 𝑎32Г(2 − 𝛾)𝜏𝛾)𝐶𝑖 + 𝑎31(𝑟𝐾 𝐾𝑖 − 𝑟𝐷 𝐷𝑖)Г(2 − 𝛾)𝜏𝛾 − 

− [∑
𝐶𝑘+1−𝐶𝑘

𝜏
((𝑖 − 𝑘 + 1)1−𝛾 − (𝑖 − 𝑘)1−𝛾)𝑖−1

𝑘=0 +
𝐶𝑖+1−𝐶𝑖

𝜏
].         (28) 

The relations (26) - (28) define solutions on the time layer 𝑡𝑗+1 based on solutions on the previous layers. 

According to (26)-(28), numerical calculations were carried out for those three variants, the parameters of which 

are given in Table 1. Some results are shown in Fig. 2-4. The orders of fractional derivatives𝛼, 𝛽, 𝛾 were chosen in 

different ways with a sequential decrease from 1. In Fig. 2-4 for comparison with the classical case, the graphs from 

Fig. 1 are also shown. In Fig. 1 a,b,c the parameters 𝛼, 𝛽, 𝛾 alternately take the value 0.9, while the rest are equal to 

one. There is slight lagging dynamics on the graphs. In fig. 2 d,e,f parameters, alternately take values of 0.8, while 

the rest have values of 0.9. The decrease in the parameter values from unity, in this case, is more significant than in 

Fig. 2 a,b,c. In this case, a more significant delay in dynamics of 𝐷,𝐾,𝐶 is observed. Consequently, a decrease in the 

order of fractional derivatives in the model (17) - (19) leads to lagging dynamics of all indicators 𝐷,𝐾,𝐶. In this 

case, the smaller the values 𝛼, 𝛽, 𝛾 from unity, the more pronounced the phenomenon of delay. With increasing 

time, the retarded dynamics of 𝐷,𝐾,𝐶weakens and asymptotically go to the stationary values determined for the 

model with integer derivatives. Consequently, the indicators𝐷,𝐾,𝐶 reach the same equilibrium values, only with a 

certain delay, the magnitude and duration of which is determined by the values 𝛼, 𝛽, 𝛾. The calculation results for 

options 2 and 3 are shown in Fig. 3,4 for the same sets of parameters 𝛼, 𝛽, 𝛾. For these variants, similar results were 

obtained as in the first variant. Here, a decrease in the values of parameters 𝛼, 𝛽, 𝛾 from unity leads to the same 

lagging dynamics, although the dynamics of indicators 𝐷,𝐾,𝐶 is completely different here. 
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IV. Conclusion 

In this paper, a modified mathematical model of the dynamics of the capital of a commercial bank is developed. 

A numerical calculation was carried out for three variants of initial parameters, for which the dynamics of various 

indicators of the bank's activity is shown, such as D(t) - the volume of deposits of clients at the moment t, K(t) - the 

size of a credit portfolio of the bank at the moment t, C(t) - own capital of the bank which has been saved up by 

some moment t. It is shown, that depending on the values of the initial parameters, it is possible to obtain different 

dynamics of these indicators. Further, the model is generalized using fractional derivatives of the above indicators, 

reflecting their rate of change over time. Based on the numerical analyses of the model, the role of the order of 

fractional derivatives on the dynamics of bank capital is estimated. It is shown, that a decrease in the order of the 

derivatives from unity leads to lagging dynamics of indicators. In this case, the more the orders of the derivatives 

decrease from unity, the more pronounced the delay effect is. In all the variants considered, over time, the indicators 
of bank capital reach their equilibrium values, which are the same for both the model with integer derivatives and 

the model with fractional derivatives. 
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